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A theoretical description of far-infrared spectroscopy experiments on self-assembled quan-
tum rings in a magnetic field [Lorke A. et al.: Phys. Rev. Lett. 2000, 84, 2223] is reported
which, for the first time, accounts for the full set of experimental resonances. In calculations
a 3D effective-mass model with a realistic finite step-like confinement potential, including
strain and Coulomb effects is used. A bimodal distribution of ring sizes is assumed.
Keywords: Quantum ring; Quantum dot; Magnetic properties; Absorption spectroscopy;
Coulomb integrals.

Quantum rings have received a great deal of attention from researchers in
the condensed matter field, over the last two decades1–5. It is mainly the
magnetic properties of these systems that make them so interesting. When
a quantum ring is pierced by a magnetic field perpendicular to the plane of
the ring, the Aharonov–Bohm effect6 leads to a persistent current of the
charge as well as to oscillations of its energy7. Experimental evidence for
Aharonov–Bohm oscillations is available from metallic and semiconductor
rings in the mesoscopic regime5,8. However, mesoscopic rings may be sub-
ject to electron–electron, electron–impurity and electron–phonon scattering.
Thus, the recent realization of nanoscopic disorder-free few-electron
quantum rings is acknowledged as a major developement in the low-
dimensional domain where new physics driven by confinement, electron
correlations and the influence of an external applied field can be explored9.

Nanoscopic rings can be synthesized either by means of self-assembly10

or lithographic techniques11. One advantage of self-assembled structures
over their lithographic counterparts is a superior optical quality, which
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makes them especially attractive for device applications12. Although atomic
force micrographs of self-assembled rings evidence their ring-like geome-
try10, such images are taken before the rings sample is covered with matrix
material. Since embedding these structures in a semiconductor matrix is es-
sential for practical applications, spectroscopy experiments were performed
on covered samples to confirm whether the ringlike geometry is still pre-
served or not13–17. Far-infrared (FIR) absorption spectroscopy on a macro-
scopic number of self-assembled rings, each of which charged on average
with one16 and two17 electrons, was measured as a function of an external
magnetic field. Characteristic spectral features at about B = 8 T were attrib-
uted to the change, from 0 to –1, of the ground state z-projection of angu-
lar momentum16–18. This interpretation of the experiments relies on two-
dimensional effective mass models with a parabolic-like confinement po-
tential (the potential typically used to investigate mesoscopic rings3). In-
deed, these models yield reasonable agreement with most of the experi-
mental data, but they also involve a few issues not completely understood,
namely:

1. Different characteristic frequencies of the confinement potential are
needed to fit the corresponding experiment if the rings contain one or two
electrons, even though the ring sample is actually the same16,18.

2. An effective radius R = 14 nm is needed to fit the experiment16–18. This
is somewhat surprising because atomic force micrographs show the inner
radius to be Rin = 10–15 nm and the outer radius Rout ≈ 60 nm 17,19.

3. The calculated relative intensities of the low-lying and high-lying sets
of resonances differ by at least one order of magnitude16,18 whereas, experi-
mentally, they are found to have similar oscillator strength17.

4. The highest energy resonances which are calculated in the presence of
a magnetic field overestimate the energy position of the corresponding ex-
perimental peaks (marked with dots in Figs 3 and 6 of ref.16)16,18.

5. A few experimental resonances (marked with crosses in Figs 3 and 6 of
ref.16) cannot be explained16,18.

The first and second issues are inherent shortcomings of two-dimensional
models with parabolic-like confinement potential, which require precise
knowledge on the energy spectrum beforehand to fit several parameters.
The third and fourth issues were overcome in a later work by Puente and
Serra using a two-dimensional model with an improved form of the para-
bolic-like potential barrier for the inner radius of the ring20. However, their
model brought about a new interpretation of the FIR experiments suggest-
ing that a mixture of high- and low-barrier rings must be contained in the
sample of ref.17 Moreover, the change in transition energy at B = 8 T was no
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longer attributed to an Aharonov–Bohm oscillation but to a crossing be-
tween the energy levels of the two different types of quantum ring. This hy-
pothesis of a bimodal distribution of ring sizes agrees with recent observa-
tions on near-infrared spectroscopy of self-assembled rings15,21,22. Calcula-
tions in ref.20 also received strong support from our recent work23. In this
work, by describing a two-electron self-assembled ring with a truly, fit-
tings-free, three-dimensional model, we obtained results which are very
similar to their predictions for high-barrier rings.

In this paper, we calculate the energy levels and FIR absorption spectra of
one- and two-electron InAs/GaAs dots and rings with two different inner
radii. The model used is the same as in ref.23, which includes strain and
Coulomb effects, as well as, a realistic finite confinement potential to de-
scribe the semiconductor heterostructure interface. Our results show that
the combined absorption spectra of the two rings agree qualitatively well
with the experimental data and overcome all the aforementioned short-
comings of two-dimensional models. To our knowledge, this is the first the-
oretical description which is able to account for all the experimental FIR
resonances of ref.17, including those marked with crosses.

THEORY AND CALCULATION METHODS

The one-band effective mass Hamiltonian for the electron states, including
a magnetic field perpendicular to the ring plane, can be written in atomic
units as
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where m = 0, ±1, ±2, … is the quantum number of the projection of the an-
gular momentum onto the magnetic field (B) axis, n is the main quantum
number, Vc(ρ,z) is the finite confinement potential corresponding to the
geometries shown in Fig. 1, and m*(En,m;ρ,z) and g(En,m;ρ,z) stand for the en-
ergy- and position-dependent mass and Landé factor, respectively24. ac de-
notes the hydrostatic deformation potential for the conduction band, and
εhyd is the hydrostatic strain, which we calculate within the framework of
the isotropic elastic theory25,26. It should be underlined that Vc must be a
step-like, finite confinement potential in order to achieve a realistic descrip-
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tion of the effect of the inner radius and the magnetic field penetration
into the ring region27,28. A configuration interaction procedure is used to
calculate the two-electron eigenstates and eigenenergies. The two-electron
states can be labeled by the z-projection of the total angular momentum
M = m1 + m2, total spin S = σ1 + σ2, and main quantum number N. The opti-
cal absorption intensities for intraband transitions between electron states
are calculated within the electronic dipole approximation29. We assume
non-polarized light, although most of the intensity arises from the in-plane
light components. We also assume T = 0 K, and therefore only transitions
from the ground state are calculated. In order to obtain smooth spectra, the
transition probabilities are represented employing Lorentzian curves of
half-width Γ = 0.5 meV. Futher details about the theoretical model are
given in ref.23

RESULTS AND DISCUSSION

We investigate three self-assembled InAs quantum structures embedded
in a GaAs matrix. Their cross-sections on the (ρ,z) plane are represented
in Fig. 1. The first structure (QD) is a compact quantum dot, the second
one (QR1) is a quantum ring with a small inner radius of Rin = 1 nm and
the third structure (QR2) is a quantum ring with an inner radius of the
size measured by atomic force microscopy, Rin = 10 nm. All three struc-
tures have an (outer) radius of 63 nm and a height of 4.5 nm, which are
close to the experimental dimensions observed in uncovered self-assembled
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FIG. 1
Schematic cross-section of the three structures under study



rings17,19. The three structures can be seen as different stages of develop-
ment of a quantum ring. The dot is lens-shaped and the shape of the rings
is a cut torus with sheer inner wall. Experimentally, it has not been estab-
lished whether the quantum rings are made of pure InAs or an InGaAs al-
loy. However, we assume pure InAs composition for all three structures and
use the same material parameters as in ref.23 An InGaAs alloy is expected to
yield similar results to those we predict here because the increased electron
effective mass due to the presence of Ga would be compensated by the
weaker strain effects, which in turn would lead to a smaller strain-induced
increase of the effective mass.

Equation (1) is integrated numerically by employing finite differences
in a two-dimensional grid (ρ,z). The configuration interaction calculations
include all the single-particle states up to 35 meV away from the ground
state. We have determined that the use of larger basis sets does not signifi-
cantly change the low-lying two-electron states within the range of the
magnetic field that is studied.

Single-Electron Systems

Figure 2 illustrates the monoelectronic energy levels of QD, QR1 and QR2
vs a magnetic field. Solid and dotted lines are used for spin-up and spin-
down levels, respectively. As we already discussed for very similar struc-
tures30, the presence of the hole in the ring significantly reduces the energy
spacing between consecutive azimuthal levels (m = 0, ±1, ±2, …) at B = 0. As
a result, changes in the z-component of the ground state angular momen-
tum of QR1 and QR2 take place in the magnetic field range under study,
0–12 T. The ground state of QR1 undergoes a change in angular momen-
tum from m = 0 to –1 at about 11.6 T, whereas QR2 changes from m = 0 to
–1 at about 1.9 T, from m = –1 to –2 at about 5.8 T, etc. In contrast, no an-
gular momentum changes occur in the ground state of the one-electron
dot, where the low-lying levels converge to the first Landau level without
crossings9. The oscillations in the ground state energy due to angular mo-
mentum changes are a manifestation of the Aharonov–Bohm effect and
may be used as evidence of ring geometry.

Figure 3 shows the low-energy FIR absorption of one electron in QD, QR1
and QR2 for B = 0, 0.5, 1, 1.5, …, 12 T. The intensities are displayed in arbi-
trary units and they are offset for clarity. The spectra of QD show a single
visible peak at 9.1 meV for B = 0. This peak stems from the ∆n = 0, ∆m = ±1
transitions. When the magnetic field is switched on, the spectra split into
two branches. One branch decreases in energy and intensity with the in-
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FIG. 2
Energy levels vs magnetic field of one electron in QD, QR1 and QR2. Solid lines denote
spin-up and dotted lines spin-down levels
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FIG. 3
FIR absorption of one electron in QD, QR1 and QR2 at T = 0 K. The spectra are calculated
for magnetic fields B = 0–12 T in steps of 0.5 T. The intensities are in arbitrary units and
the curves have been offset for clarity. The arrow in QR1 points the position of the ∆n = 1 reso-
nance



creasing external field. This branch is connected with the ∆m = –1 transi-
tion. The other branch, connected with the ∆m = +1 transition, increases in
energy and remains intense even for strong magnetic fields. The spectra of
QR1 are similar to those of QD except for two important features. First, at
12.0 T both the ∆m = 1 and the ∆m = –1 branches are abruptly shifted to-
ward higher energies. This is a consequence of the ground state change
from m = 0 to –1 which takes place at 11.6 T. Second, a new peak stemming
from the ∆n = 1, ∆m = ±1 transitions arises at 26.1 meV in the absence of a
magnetic field. This peak, marked with arrow in Fig. 3, is still very small
(only 4% of the ∆n = 0 peak intensity). However, it is an order of magnitude
stronger than the corresponding transition resonance in the QD case. Both
features (the abrupt shift in resonance energies as the magnetic field in-
creases and the presence of an intensity-enhanced ∆n = 1 resonance) are
distinctive of ring-like geometry. This is confirmed in view of the spectra of
QR2, where the two peaks at B = 0 are already of comparable intensity.
These two peaks split into ∆m = 1 and –1 branches in the presence of a
field. The energies of the ∆n = 0 resonances follow a zig-zag course which
reveals the underlying Aharonov–Bohm oscillations in the energy structure
(see QR2 panel in Fig. 2). The energies of the most intense ∆n = 1 reso-
nances also exhibit abrupt shifts in energy connected with Aharonov–
Bohm oscillations in energy, but now they decrease the energy of the reso-
nance. Unlike in the QD and QR1 cases, the rapid oscillations in the
ground state of QR2 prevent the resonances from reaching energies be-
tween 5 and 20 meV. This energy gap seems to be characteristic of well-
developed rings20.

A comparison with the experimental FIR absorption of one-electron self-
assembled rings considering only QR2 would reproduce some experimental
features while disregarding others. It has been suggested that the experi-
mental sample may contain a mixture of well-developed rings plus partially-
developed rings20 or even large quantum dots which have not developed
into rings17. We study these possibilities by representing the combined
spectra of QR1 and QR2 and comparing it with the one-electron experi-
mental resonances. The result is illustrated in Fig. 4, where solid lines stand
for the absorption of QR1 and dashed ones for that of QR2. The experimen-
tal resonances are denoted by the same symbols as in ref.16, which show the
way the resonances were originally grouped. It should be mentioned here
that in the experiments16,17, an insufficient signal-to-noise ratio at low en-
ergies does not allow the detection of the resonances under 10 meV. It can
be seen in Fig. 4 that the dots are reasonably well described by QR2. Only
the dot located at B = 6 T significantly deviates from the corresponding cal-
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culated resonance. However, it is quite close to the calculated peak at B =
5.5 T, so that one may easily achieve a better agreement if only the ground
state change (from m = –1 to –2) we predict at B = 5.8 T would be postponed
to B > 6 T. The agreement of QR1 with the crosses and triangles is more
questionable. The ∆m = 1 branch of QR1 lies in intermediate energies be-
tween those of the crosses and those of the triangles. Although the slope of
this branch agrees with the slope of both types of experimental resonances,
it is difficult to determine whether the branch reproduces qualitatively the
crosses or the triangles. In any event, it seems that only one of these two
types of experimental resonances may be explained by the ∆m = 1 branch.
A very similar picture to Fig. 4 would arise by including QD in the mixture,
since its absorption is very similar to that of QR1. We will come back to this
issue later in the paper.

Two-Electron Systems

Next, we calculate the two-electron energy levels and FIR absorption of QD,
QR1 and QR2. The energy levels of the two-electron QD, QR1 and QR2 sys-
tems vs a magnetic field are depicted in Fig. 5. Only the levels which be-
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FIG. 4
Combined FIR absorption of one electron in QR1 and QR2 at T = 0 K. The spectra are calcu-
lated for magnetic fields B = 0–12 T in steps of 0.5 T. The intensities are in arbitrary units and
the curves have been offset for clarity. Solid lines are used for QR1 and dashed lines for QR2.
The symbols represent the experimental resonances
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FIG. 5
Energy levels vs magnetic field of two electrons in QD (upper panel), QR1 (middle panel) and
QR2 (lower panel). Only levels that become the ground state in a given magnetic field window
are shown. (M,S) labels denote the total angular momentum z-projection and total spin of
each level



come ground state within the 0–12 T range are displayed. The quantum
numbers (M,S) of each level are also indicated (all the levels shown have
N = 1). In the absence of a magnetic field, the ground state in QD is (0,0)
and remains so for magnetic fields as strong as 7.5 T. (It should be noted that
the (0,0) symmetry window is even wider (0–11 T) in a ring with a slightly
smaller outer radius of 60 nm 30. This difference arises from the stronger
confinement in the latter structure, which leads to larger energy spacing be-
tween electron states at B = 0.) When B > 7.5 T, the first spin-singlet–
spin-triplet transition of the ground state takes place31 and it becomes (–1,1).
In QR1, the spin-singlet–spin-triplet transition occurs at a weaker magnetic
field than in the QD case. This is due to the hole in the ring, which has a
strong effect on the magnetization even if it is small30. This first crossing in
the ground state is found at a lower field than in the single-electron case
(Fig. 2). This is due to the direct and exchange Coulomb energies23. The im-
pact of the hole becomes dramatic for QR2, where up to six singlet–triplet
crossings occur within the 0–12 T range. One can also compare this with
the single-electron QR2 case, where only three crossings occur in the
ground state for the same magnetic field range. The increase in the number
of crossings again is a reflection of the electron–electron interactions.

Figure 6 shows the low-energy FIR absorption of two electrons in QD,
QR1 and QR2, for B = 0, 0.5, 1, 1.5, …, 12 T. It can be seen that the two-
electron QD absorption is very similar to the single-electron one, except for
a significantly higher intensity and a small (<1.5 meV) splitting of the ∆M = 1
branch above 7.5 T. (This splitting should not be observed in a perfect para-
bolic dot.) This result was to be expected since self-assembled dots are well
described by parabolic potentials, and hence the generalized Kohn theorem
prevents many-electron effects from being revealed by excitation spectros-
copy9. Conversely, the hole of the rings breaks down the generalized Kohn
theorem, so that the two-electron absorption spectra of QR1 and QR2 ex-
hibit interesting differences with respect to the one-electron cases. At low
magnetic fields (B ≤ 5.0 T), the spectra of QR1 resemble those of the one-
electron case. However, the ground state crossing at about B = 5.1 T brings
about a very different picture. First, an abrupt shift in the ∆M = –1 branch is
seen at B ≥ 5.5 T (which is a lower value of B than in the one-electron case).
Second, the ∆M = 1 branch splits into two parallel branches, similar to the
QD case but with a significantly larger energy spacing of about 5.5 meV.
One of the branches is a prolongation of the ∆M = 1 branch observed before
B = 5.1 T and the other one is abruptly shifted toward higher energies. The
low-energy and high-energy ∆M = 1 branches originate from the ∆N = 0 and
∆N = 1 transitions, respectively. We would like to point out that this double
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FIG. 6
FIR absorption of two electrons in QD, QR1 and QR2 at T = 0 K. The spectra are calculated for
magnetic fields B = 0–12 T in steps of 0.5 T. The intensities are in arbitrary units and the curves
have been offset for clarity



∆M = 1 branch feature was not found in previous calculations of low-barrier
rings20. The influence of the increased hole on the spectra of QR2 is even
greater: both the lowlying ∆N = 0 set of resonances and the high-lying
∆N = 1 resonances are visible at B = 0, and the rapid Aharonov–Bohm oscil-
lations give rise to many small shifts in the energies of the resonances, as
well as to an energy gap between 7 and 20 meV. The most visible effect of
the electron–electron interaction on the FIR absorption of QR2 is an in-
crease in the number of oscillation-induced energy shifts.

Figure 7 illustrates the combined two-electron absorption spectra of QR1
and QR2. Dashed lines are used for QR2 and solid lines for QR1. The experi-
mental data are displayed using the original symbols of ref.17 Due to the
improved signal-to-noise ratio, a larger number of experimental resonances
are available for the two-electron systems. A remarkable agreement between
our calculations and the experimental resonances is observed. The dots are
qualitatively described by the absorption of QR2. An exception is the
low-energy dot at B = 6 T, which we do not assign to QR2 but to the
high-lying ∆M = 1 branch of QR1. The triangles are also well described by
the high-lying ∆M = 1 branch of QR1. Finally, the low-lying ∆M = 1 branch
of QR1 accounts for the diamonds and the crosses. We point out that the
intensities of the low-lying and high-lying sets of resonances in Fig. 7 are of
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FIG. 7
Combined FIR absorption of two electrons in QR1 and QR2 at T = 0 K. The spectra are calcu-
lated for magnetic fields B = 0–12 T in steps of 0.5 T. The intensities are in arbitrary units and
the curves have been offset for clarity. Solid lines are used for QR1 and dashed lines for QR2.
The symbols represent the experimental resonances



the same order of magnitude, as found experimentally. Even if some experi-
mental points are only qualitatively described by our calculations, it can be
concluded that our model suggests an alternative assignment of experimen-
tal resonances to that of ref.17 This assignment is similar to that suggested
by other authors20. However, we also offer an explanation for the experi-
mental resonances marked with crosses, which have not been understood
to date16–18,20.

We want to stress that if we assume a mixture of QD and QR2 we would
not account for the triangles in Fig. 7, since the high-lying ∆N = 1, ∆M = 1
branch of QD is too close in energy to the ∆N = 0, ∆M = 1 one (see Fig. 6).
Moreover, the two-electron results lead us to propose the crosses in the
one-electron system (Fig. 4) to be assigned to the ∆n = 0, ∆m = 1 branch of
QR1, and the triangles to a ∆n = 1, ∆m = 1 branch which is not allowed at
T = 0 K, but would be allowed at a finite temperature when the first excited
level is partially populated. As in ref.20, our calculations indicate that the
characteristic spectral features found in the experiment at B = 8 T are not
due to an Aharanov–Bohm oscillation but to a crossing between resonances
of two types of quantum rings. Therefore, the true signature of a quantum
ring (with the geometry revealed by atomic force microscopy, QR2) in the
FIR absorption experiments of ref.17 is the presence of an intense resonance
at about 20–23 meV and B = 0. Such a resonance was theoretically predicted
by previous works using three-dimensional models and describing similar
structures to QR2 23,24,32. We also find a very close agreement between the
energy of this experimental resonance (the dot at B = 0 T) and the high-
energy resonance of QR2 in both the one-electron and the two-electron
spectra. This fact points out that our model gives a correct estimate of the
Coulomb energy, as opposed to two-dimensional models which overesti-
mate it due to the missing vertical motion23.

CONCLUSIONS

We have studied the FIR absorption of one and two electrons in a quantum
dot, in a quantum ring with a small hole and in a quantum ring with the
dimensions measured by atomic force microscopy. Our calculations show
that it is possible to reproduce the FIR absorption experiments on self-
assembled rings in a magnetic field by using our realistic three-dimensional
model and assuming a mixture of the two rings with different inner radii.
We provide an alternative assignment of the experimental resonances to
that suggested in refs16,17. This is the first theoretical description which ac-
counts for the entire set of experimental resonances.
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